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Abstract

In this paper, we develop the locally divergence-free discontinuous Galerkin method for numerically solving the

Maxwell equations. The distinctive feature of the method is the use of approximate solutions that are exactly diver-

gence-free inside each element. As a consequence, this method has a smaller computational cost than that of the dis-

continuous Galerkin method with standard piecewise polynomial spaces. We show that, in spite of this fact, it produces

approximations of the same accuracy. We also show that this method is more efficient than the discontinuous Galerkin

method using globally divergence-free piecewise polynomial bases. Finally, a post-processing technique is used to re-

cover (2k þ 1)th order of accuracy when piecewise polynomials of degree k are used.

� 2003 Elsevier Inc. All rights reserved.
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1. Introduction

There are many partial differential equations with solutions which are divergence-free. Examples include

the incompressible Euler and Navier–Stokes equations, the magnetohydrodynamics equations, and the

Maxwell equations. For some of the problems, such as the incompressible Euler and Navier–Stokes

equations, the divergence-free condition is an explicit part of the equations. For some others, such as the
magnetohydrodynamics equations and the Maxwell equations, the solutions of the PDE should auto-

matically satisfy the divergence-free condition if the initial data is divergence-free, but it is usually a

challenge to have the numerical solutions also satisfy this divergence-free condition (exactly or very
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accurately). There is an extensive literature on designing such numerical methods, for example, we could

refer to [18] for the incompressible Euler and Navier–Stokes equations, [3] for the magnetohydrodynamics

equations, and [19] for the Maxwell equations, among many others. It is well known that negligence in
dealing with the divergence-free condition numerically can lead to serious defects, see, e.g. [16,20].

In this paper, we develop the locally divergence-free discontinuous Galerkin methods equipped with

TVD Runge–Kutta time discretization (RKDG) [8,11,13] for solving two-dimensional Maxwell equations,

as our starting point to explore the effective treatment of the divergence-free condition with discontinuous

Galerkin methods. The same technique can be generalized to three dimensions.

The discontinuous Galerkin method is a class of finite element methods using completely discontinuous

piecewise polynomial space for the numerical solution and the test functions. One would need to use more

degrees of freedom for the same order of accuracy, comparing with continuous finite element methods,
however, the discontinuities at the element interfaces allow the design of suitable inter-element boundary

treatments (the so-called numerical fluxes) to obtain highly accurate and stable methods in many difficult

situations. The discontinuous Galerkin method has become very popular in recent years for solving con-

vection dominated problems. It has several distinct advantages. We refer to the lecture notes [7], the survey

paper [9] and other papers in that Springer volume, and the review paper [13] for details and history of the

discontinuous Galerkin method.

Electromagnetism is one application area of the discontinuous Galerkin method, among many other

areas. In [15], the discontinuous Galerkin method with the standard piecewise polynomial spaces is used to
solve Maxwell equations on unstructured meshes.The divergence-free condition is not explicitly enforced

and is left to the accuracy of the solver. One can expect, and does observe, global divergence errors which

are kth order small when piecewise polynomials of degree k are used.

Attempts have been made in the literature to enforce explicitly the divergence-free condition. The

staggered mesh magnetic field transport algorithm was first proposed by Yee [22] for the transport of

electromagnetic fields, with the idea of applying a staggered grid to maintain the divergence-free condition.

Another approach is to modify the PDE by using Lagrange multipliers. In [19], Munz et al. established the

generalized Lagrange multiplier approach. They rewrote the constrained formulation of the Maxwell
equations by adding a coupling term into Gauss�s law that resulted in a purely hyperbolic model system.

Classical finite element methods for solving Maxwell equations can be found in, e.g. [1,16]. Baker and co-

workers [2,18] introduced a discontinuous Galerkin method for solving the Stokes equations and the

stationary Navier–Stokes equations. They used an interior penalty method with locally divergence-free

approximate solutions. Optimal error estimates were proven.

We follow the approach of Baker and co-workers [2,18] and use the locally divergence-free polynomials

as trial space in the discontinuous Galerkin method to solve Maxwell equations. Note that although the

resulting approximations are divergence-free inside each element, they are not globally divergence-free since
their normal component across element interfaces are not necessarily continuous. We measure such di-

vergence errors at the final time for a time dependent calculation and demonstrate numerically that they are

kth order small when piecewise polynomials of degree k are used. We then show that if we project the

approximate solution at the final time into the space of globally divergence-free piecewise polynomials, the

result remains (k þ 1)th order accurate in the L2- and L1-norms; in fact it is even more accurate than before

the projection. Finally, we show that the discontinuous Galerkin method using locally divergence-free bases

is in general no worse than the more costly discontinuous Galerkin method with globally divergence-free

piecewise polynomial bases.
A post-processing technique [10,21] is also applied to the numerical solutions of discontinuous Galerkin

methods using locally divergence-free polynomial bases, with or without the projection at the end, as well as

the one using the globally divergence-free polynomial bases. In all these cases the accuracy is enhanced

from (k þ 1)th order to (2k þ 1)th order when Pk elements are used, indicating that a higher order of ac-

curacy in negative-order norms is retained by all these methods.
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The paper is organized as follows. In Section 2, we introduce the locally divergence-free space and the

numerical formulation of the algorithm. In the same section, a way to measure the divergence of a piecewise

smooth function is also described, and the L2-projection is defined from the space of locally divergence-free
discontinuous piecewise polynomials to a subspace which contains the globally divergence-free piecewise

polynomials. We also present a theoretical result of L2-stability as well as error estimates in Section 2.

Section 3 contains numerical results to demonstrate the accuracy of the algorithm and the projection.

Concluding remarks are given in Section 4. In Appendix A we collect some details related to the imple-

mentation of the L2-projection from the locally divergence-free piecewise polynomial spaces to the globally

divergence-free piecewise polynomial spaces, introduced in Section 2.
2. Locally divergence-free discontinuous Galerkin method

The following two-dimensional linear Maxwell equations will be considered:

oHx

ot
¼ � oEz

oy
;

oHy

ot
¼ oEz

ox
;

oEz

ot
¼ oHy

ox
� oHx

oy
: ð2:1Þ

This is a hyperbolic system with a divergence-free solution ðHx;HyÞ for all time if initially it is divergence-

free. The standard RKDG method for solving (2.1) would start with a triangulation Th of the domain X,
with the element being denoted by K, the edge by e, h ¼ minKfthe radius of the largest circle within Kg,
and the outward unit normal by n ¼ ðn1; n2Þ. The collections of all the elements and edges are denoted byK
and E, respectively. The solution space, which is the same as the test space, is given by

�Vh ¼ �Vk
h ¼ fv : vjK 2 PkðKÞ; K 2 Kg ¼ �Vk

h;0 � fv : vjK 2 PkðKÞ; K 2 Kg; ð2:2Þ

where PkðKÞ ¼ ðPkðKÞÞ3, and PkðKÞ denotes the space of polynomials in K of degree at most k. We write the

approximation space �Vk
h;0 for ðHx;HyÞ separately from that for Ez as we would like to replace the space �Vh in

(2.2) by

Vh ¼ Vk
h ¼ v 2 �Vk

h :
ov1
ox

��
þ ov2

oy

�����
K

¼ 0

�
¼ Vk

h;0 � fv : vjK 2 PkðKÞ; K 2 Kg: ð2:3Þ

That is, the vector ðv1; v2Þ is a locally divergence-free polynomial vector. Notice that the dimension of Vk
h;0jK

is ðk þ 1Þðk þ 4Þ=2, only about half as that of the dimension of �Vk
h;0jK which is ðk þ 1Þðk þ 2Þ. We can thus

save a lot of computational cost by using the locally divergence-free space (2.3) instead of the standard

piecewise polynomial space (2.2). It is very easy to write out a local basis for Vk
h;0jK . For example, if K is a

rectangle, with center ðxi; yjÞ and width Dxi;Dyj, if we denote

�X ¼ x� xi
Dxi

; �Y ¼ y � yj
Dyj

;

one set of bases of Vk
h;0jK would be, when k ¼ 1,

1

0

� �
;

Dxi �X
�Dyj �Y

� �
;

�Y
0

� �
;

0

1

� �
;

0
�X

� �
:

For k ¼ 2, we need to add

Dxið12 �X 2 � 1Þ
�24Dyj �X �Y

 !
;

�24Dxi �X �Y
Dyjð12�Y 2 � 1Þ

 !
;

12�Y 2 � 1

0

 !
;

0

12 �X 2 � 1

� �
:
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And, by adding the following five more polynomial pairs, we get the bases for k ¼ 3

Dxið4 �X 3 � �X Þ

�Dyjð12 �X 2 � 1Þ�Y

0@ 1A;
Dxið12 �X 2 � 1Þ�Y

�Dyj �X ð12�Y 2 � 1Þ

0@ 1A;
�Dxi �X ð12�Y 2 � 1Þ

Dyjð4�Y 3 � �Y Þ

0@ 1A;

20�Y 3 � 3�Y

0

0@ 1A;
0

20 �X 3 � 3 �X

 !
:

In general, we can obtain bases for Vk
h;0jK by taking the curl of bases of Pkþ1ðKÞ.

We rewrite Eq. (2.1) in the conservative form

ut þr � fðuÞ ¼ 0; ð2:4Þ

where u ¼ ðHx;Hy ;EzÞT. Following the usual definition of discontinuous Galerkin methods for conservation
laws, e.g. [8,11], we obtain the RKDG formulation for (2.4): find uh 2 Vh, such thatZ

K
uht � vdxþ

X
e2oK

Z
e
hðuintðKÞh ; u

extðKÞ
h ; nÞ � vds�

Z
K
fðuhÞ � rvdx ¼ 0 8v 2 Vh; ð2:5Þ

where hðuintðKÞ; uextðKÞ; nÞ is taken as the upwinding flux consistent with fðuÞ � n

hðuintðKÞ; uextðKÞ; nÞ ¼
n2ð �Ez � n2

2
½Hx� þ n1

2
½Hy �Þ

�n1ð �Ez � n2
2
½Hx� þ n1

2
½Hy �Þ

n2 �Hx � n1 �Hy � ½Ez�
2

0BB@
1CCA: ð2:6Þ

Here

�v ¼ vintðKÞ þ vextðKÞ

2
; ½v� ¼ vextðKÞ � vintðKÞ

and vintðKÞ; vextðKÞ are the limits of v at interface e from the interior and exterior of K respectively. The

upwinding flux is obtained by diagonalizing the system in the normal direction of the cell boundary, taking

the upwinding flux in each characteristic variables, and then coming back to the original variables, which is

a standard technique in the computation of hyperbolic systems. An alternative choice of the numerical flux

is the Lax–Friedrichs flux
hðuintðKÞ; uextðKÞ; nÞ ¼
n2ð �Ez � n2

2
½Hx� þ n1

2
½Hy �Þ � 1

2
ðn21½Hx� þ n1n2½Hy �Þ

�n1ð �Ez � n2
2
½Hx� þ n1

2
½Hy �Þ � 1

2
ðn1n2½Hx� þ n22½Hy �Þ

n2 �Hx � n1 �Hy � ½Ez�
2

0BB@
1CCA: ð2:7Þ
This flux has more control on the jumps of the normal velocity across element interfaces, see Proposition

2.1, and hence may show an advantage in some calculations, see, for example, the control on numerical

divergence errors for the example with a singular solution in Section 3.5.
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2.1. A way to measure the divergence

Although a locally divergence-free space is used, the approximation to ðHx;HyÞ does have errors in its
divergence given by the jumps in the normal direction across element interfaces. Thus a computable

measurement of the global divergence needs to be defined.

One way is to use the H�1 norm of the divergence of the function. Unfortunately, it is very difficult to

compute the H�1 norm of a function. Measurements equivalent to the H�1 norm can be computed, for

example in [4], where a procedure to compute such a measurement is described through solving a Laplace

equation with the multi-grid method.

Here, we introduce a simpler measurement. For a vector function u which is smooth within each element

K 2 Th, the following semi-norm is defined:

jjujj�;h ¼
X
e2E

Z
e
j½u � n�jdsþ

X
K2K

Z
K
jr � ujdx:

We argue that jj � jj�;h is a norm of the divergence of u. Notice that, for a given piecewise smooth

function, if its divergence in each element is zero, then it is globally divergence-free if and only if the normal

component of the function across each interface e is continuous. Hence in order to measure the global

divergence of a function, the jump of the normal component of the function across those edges needs to be

considered.

We can easily check that the two terms in the definition of jj � jj�;h are on the same scale. If we write out
the definition of the H�1 norm of the divergence of a function,

sup
/

ðu;r/Þ
jj/jj1

;

where / goes through all the smooth functions on X with compact support and replace the H 1 norm jj � jj1
used in denominator by the L1 norm, we will get

sup
/

ðu;r/Þ
jj/jj1

¼ sup
/

1

jj/jj1

X
K2K

Z
oK

u � n/ds
�(

�
Z
K
r � u/dx

�)
6 jjujj�;h:

One can prove that it is actually an equality by using in particular a sequence f/mg which approximates

/ðxÞ ¼
signðr � uðxÞÞ 8x 2 K;
signðuðx0Þ � nKj

x0!x
x02K þ uðx0Þ � nK0 j

x0!x
x02K0 8x 2 e ¼ K \ K 0;

(

where nK is the outward unit normal on edge e for element K. We thus end up with our definition of jj � jj�;h.
2.2. An L2-projection

Even if we use the locally divergence-free space, the numerical solution is still not globally divergence-

free because of the discontinuities of the normal component across element interfaces. Here, we introduce

the L2-projection from the locally divergence-free piecewise polynomial space to its globally divergence-free

subspace.
The original idea of the projection is borrowed from [5], only the bases and definition are modified to

meet our need. To simplify the discussion, we consider only rectangular elements. Arbitrary triangular

elements can also be treated in a similar fashion. Similar to [5], we first augment ðPkðKÞÞ2, the polynomial

space with degree at most k, by spanðcurlðxkþ1yÞ; curlðxykþ1ÞÞ, a two-dimensional subspace of ðPkþ1ðKÞÞ2.
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We introduce the notations

Wh;0 ¼ Wk
h;0 ¼ fu ¼ ðu; vÞ : ujK 2 Vk

h;0ðKÞ [ fUk;Wkgg;
Wh ¼ Wk
h ¼ Wk

h;0 � fv : vjK 2 PkðKÞ; K 2 Kg;
fWh ¼ fWk
h ¼ fu 2 Wk

h;0 : r � u 2 L2g;

where Uk;Wk 2 Vkþ1
h;0 ðKÞ n Vk

h;0ðKÞ and Uk;1 contains the term �X kþ1, Wk;2 contains the term �Y kþ1. For ex-

ample,
U1 ¼ Dxið12 �X 2 � 1Þ
�24Dyj �X �Y

 !
; W1 ¼

�24Dxi �X �Y
Dyjð12�Y 2 � 1Þ

 !
;

U2 ¼
Dxið4 �X 3 � �X Þ

�Dyjð12 �X 2 � 1Þ�Y

 !
; W2 ¼

�Dxi �X ð12�Y 2 � 1Þ
Dyjð4�Y 3 � �Y Þ

 !
;

and
U3 ¼
Dxið80 �X 4 � 24 �X 2 þ 1Þ
�16Dyjð20 �X 3 � 3 �X Þ�Y

 !
; W3 ¼

�16Dxið20�Y 3 � 3�Y Þ �X
Dyjð80�Y 4 � 24�Y 2 þ 1Þ

 !
:

Notice that a function u 2 Wh;0 also belongs to fWh if and only if u � n, the normal component of u, is

continuous across the interfaces e of Th.

The projection Ph ¼ Pk
h we will use here is the L

2-projection onto fWk
h. It is not surprising to see this is a

global projection, since the divergence-free condition is a global property.
In Appendix A we will collect some details related to the implementation of this projection. Basically, we

choose the normal component along each e as degrees of freedom to guarantee its continuity.
2.3. L2-stability and an error estimate

We present in this section the theoretical results of the L2-stability and an error estimate.

Proposition 2.1 (L2-stability). Let uh ¼ ðHx;h;Hy;h;Ez;hÞ be the solution of (2.5) with the upwinding flux (2.6).

Then,
Z
X
ðHx;hðx; tÞ2 þ Hy;hðx; tÞ2 þ Ez;hðx; tÞ2Þdxþ

Z t

0

X
e

Z
e
ðn2½Hx;h�

(
� n1½Hy;h�Þ2 þ ½Ez;h�2 ds

)
dt

¼
Z
X
ðHx;hðx; 0Þ2 þ Hy;hðx; 0Þ2 þ Ez;hðx; 0Þ2Þdx:
For the solution uh ¼ ðHx;h;Hy;h;Ez;hÞ of (2.5) with the Lax–Friedrichs flux (2.7), we have
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Z
X
ðHx;hðx; tÞ2 þ Hy;hðx; tÞ2 þ Ez;hðx; tÞ2Þdxþ

Z t

0

X
e

Z
e
ðn2½Hx;h�

(
� n1½Hy;h�Þ2 þ ðn1½Hx;h� þ n2½Hy;h�Þ2

þ ½Ez;h�2 ds
)
dt ¼

Z
X
ðHx;hðx; 0Þ2 þ Hy;hðx; 0Þ2 þ Ez;hðx; 0Þ2Þdx:
Proof. The techniques used are now standard for proving the L2-stability of semidiscrete DG, see, e.g.

[12,17]. In particular, the proof of this proposition follows the same lines as that for proving the cell entropy

inequality in [17], by taking the test functions v ¼ uh in (2.5), working through the integrals, and grouping

the boundary terms using the specific forms of the upwinding or the Lax–Friedrichs fluxes. We omit the

details. �

Notice that, when the upwinding flux is used, we have a control only on the jumps of the tangential

velocity across element interfaces, but we have a control on the jumps of both the tangential and the

normal velocity across element interfaces when the Lax–Friedrichs flux is used. Since the only numerical
divergence errors are contained in the jumps of the normal velocity across element interfaces, such a

stronger control when the Lax–Friedrichs flux is used may be beneficiary in certain situations, such as the

situation when local divergence is concentrated near the singularity of the solution, see the example in

Section 3.5.
Proposition 2.2 (Error estimate). Let u ¼ ðHx;Hy ;EzÞ be the smooth exact solution of (2.1), and

uh ¼ ðHx;h;Hy;h;Ez;hÞ the solution of (2.5) and (2.6) or (2.5)–(2.7) in Vk
h or Wk

h . Then,
jju� uhjj0 6Cjjujjkþ1h
kþ1=2:
Proof. Again, the techniques used are now standard for proving error estimates of semidiscrete DG, given a

cell entropy inequality or an L2-stability, see, e.g. [12]. In particular, the proof of this proposition follows

the same lines as that for proving Theorem 2.2 in [12]. We omit the details but mention that for the error

estimate, we also need the approximation results from the following Lemma 2.3. �

Lemma 2.3 (Approximation results). Let v be a Hkþ1 function defined on K satisfying r � v ¼ 0, and let vh be
its L2-projection into Vk

h;0jK (or Wk
h;0jK). Then

jjv� vhjj0;K 6Chkþ1jvjkþ1;K ;
jjv� vhjj0;oK 6Chkþ1=2jvjkþ1;K :

The first part in Lemma 2.3 is a direct consequence of the approximation result in [2]: under the same

condition on v, there is a function wh 2 Vk
h;0jK , such that

jjv� whjjl;K 6Chkþ1�ljvjkþ1;K ; 06 l6 k þ 1:
Certainly, the L2-error for the L2-projection vh will not be larger than that for wh. The second inequality is a

simple application of the Bramble–Hilbert lemma (see [6]).
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Proposition 2.4 (Error estimate when the global projection is used at the end of computation). If

u ¼ ðHx;Hy ;EzÞ ¼ ðu0;EzÞ is the smooth exact solution, uh ¼ ðHx;h;Hy;h;Ez;hÞ ¼ ðuh;0;Ez;hÞ is the solution of

(2.5) and (2.6) or (2.5)–(2.7) with the underlying space Vh ¼ Vk
h or Wh ¼ Wk

h, and

vh ¼ ðPhðHx;h;Hy;hÞ;Ez;hÞ ¼ ðPhðuh;0Þ;Ez;hÞ ¼: PhðuhÞ, where Ph ¼ Pk
h is the L2-projection onto the globally

divergence-free subspace, then we have

jju� vhjj 6Cjjujj hkþ1=2:
0 kþ1
Proof. First,

jju� vhjj0 ¼ jju� PhðuhÞjj0 6 jju� PhðuÞjj0 þ jjPhðuÞ � PhðuhÞjj0 6 jju� PhðuÞjj0 þ jju� uhjj0;

the last inequality is because Ph is an L2-projection, hence it would not increase the L2-norm. By Proposition

2.2, we have

jju� uhjj0 6Cjjujjkþ1h
kþ1=2:

On the other hand, we claim that

jju� Phujj0 6Cjjujjkþ1h
kþ1;

this is because we could use the projection introduced in [5], which already yields an error bound of hkþ1,

and the L2-projection Ph would have a smaller error than any other projection. �
3. Numerical examples

Notice that the Maxwell equation (2.1) admit the following exact solution:

Hx

Hy

Ez

0@ 1A ¼
�b
a
1

0@ 1Af ðcosxðt þ axþ byÞÞ; ð3:1Þ

where f is an arbitrary function, a; b; x are constants, and a2 þ b2 ¼ 1.

In this section, we show representative examples of the computational results obtained with the fol-

lowing two functions f in (3.1):

f ðwÞ ¼ ew; ð3:2Þ

which is smooth, and

f ðwÞ ¼ w log jwj if w 6¼ 0;
0 if w ¼ 0;

�
ð3:3Þ

which has a singularity at w ¼ 0 (but is still continuous there). We will call them the smooth solution and

the singular solution respectively in the following examples. The computational domain is always taken as

X ¼ 0;
2p
jxaj

� �
� 0;

2p
jxbj

� �
;

and the periodic boundary condition is used. We take x ¼ 1, a ¼ cosð0:3pÞ and b ¼ sinð0:3pÞ as well as the
final time t ¼ 14 in the numerical experiments, unless otherwise stated.
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We use both the uniform and non-uniform (randomly perturbed from a uniform mesh up to 10%)

rectangular meshes and the linear strong stability preserving (SSP) Runge–Kutta time discretization [14] of

order comparable to the spatial accuracy. In most of the examples we will use the upwinding flux (2.6). The
results using the Lax–Friedrichs flux (2.7) are similar for most cases. In the singular solution case, Section

3.5, we will show results using both fluxes.

3.1. Comparison of RKDG methods using locally divergence-free Pk and standard Pk bases

We first compare the results obtained with the Pk RKDG method using the locally divergence-free bases

with those using the usual polynomial bases. Note that the number of degrees of freedom per element for

the first method is ððk þ 1Þðk þ 2Þ=2Þ þ ððk þ 1Þðk þ 4Þ=2Þ whereas for the second is

ððk þ 1Þðk þ 2Þ=2Þ þ ðk þ 1Þðk þ 2Þ. This means that, as k increases, the ratio of the complexity of these
methods per time step and per element, namely,

rcðkÞ :¼
3ðkþ1Þðkþ2Þ

2

� 	2
ðkþ1Þðkþ2Þ

2
þ ðkþ1Þðkþ4Þ

2

� 	2 ;
tends to 9/4. This means that as k increases, the method using locally divergence-free basis is more than

twice faster for the same mesh. In Table 1, we display, for several values of the polynomial degree k, the
ratio of the complexity of the methods, rcðkÞ. We remark, however, that this is based solely on the reduction
of degrees of freedom and does not take into account special structures of the bases, e.g., tensor product

type bases for the p-version, for which the actual savings in cost may be less.

The results for the smooth solution on non-uniform meshes are shown in Tables 2 and 3. From Table 2

we can see that the standard Pk and locally divergence-free Pk both have the same convergence order and

almost the same magnitudes of L2 and L1 errors on the same mesh. The errors in Ez are not listed since both

test spaces give almost the same results.

Besides the saving of computational cost, another advantage of using the locally divergence-free bases

can be observed in the reduction of global divergence errors in Table 3. Although the global divergence
errors are still of order k, the magnitude is reduced in all cases comparing with the results using the usual

polynomial spaces.

3.2. The effect of the projection to globally divergence-free subspaces at the end of the calculation

In this section, we would like to see the effect on the accuracy of the numerical solution of a single

application of the projection into the subspace of globally divergence-free functions at the very end of the

calculation. This can be considered to be a cosmetic post-processing step whose purpose is to provide a

globally divergence-free numerical solution which is sometimes desired in applications.

We look again at the case of the smooth solution on non-uniform meshes. We first use Vk
h as the trial

space for the RKDG, then at the very end of the computation, the H component of the numerical solution

is projected to the augmented space Wk
h.
Table 1

Ratio of the complexities per time step per element of the RKDG methods

k 1 2 3 4 5 6 7 8 9 10

rcðkÞ 1.27 1.44 1.56 1.65 1.72 1.77 1.82 1.86 1.89 1.92



Table 2

L2 and L1 errors in H

Mesh Pk Locally divergence-free Pk

L2 error Order L1 error Order L2-error Order L1 error Order

P 1

20� 20 7.41E) 02 1.85E) 01 7.41E) 02 1.81E) 01

40� 40 1.63E) 02 2.19 4.54E) 02 2.02 1.63E) 02 2.19 4.48E) 02 2.01

80� 80 3.46E) 03 2.23 1.07E) 02 2.09 3.46E) 03 2.23 1.07E) 02 2.07

160� 160 8.12E) 04 2.09 2.72E) 03 1.98 8.12E) 04 2.09 2.70E) 03 1.98

320� 320 1.98E) 04 2.04 6.98E) 04 1.96 1.98E) 04 2.04 6.92E) 04 1.96

P 2

10� 10 3.75E) 02 9.40E) 02 3.87E) 02 9.32E) 02

20� 20 3.15E) 03 3.58 1.53E) 02 2.62 3.18E) 03 3.61 1.90E) 02 2.29

40� 40 2.54E) 04 3.63 2.42E) 03 2.66 2.47E) 04 3.69 2.94E) 03 2.69

80� 80 2.85E) 05 3.16 2.96E) 04 3.03 2.69E) 05 3.20 3.75E) 04 2.97

160� 160 3.58E) 06 2.99 3.75E) 05 2.98 3.27E) 06 3.04 4.66E) 05 3.01

P 3

10� 10 3.94E) 03 2.81E) 02 4.03E) 03 3.08E) 02

20� 20 1.45E) 04 4.77 2.67E) 03 3.40 1.40E) 04 4.85 2.99E) 03 3.37

40� 40 8.83E) 06 4.04 1.89E) 04 3.82 8.43E) 06 4.05 2.17E) 04 3.78

80� 80 5.58E) 07 3.98 1.31E) 05 3.85 5.29E) 07 4.00 1.51E) 05 3.84

160� 160 3.54E) 08 3.98 8.01E) 07 4.03 3.31E) 08 4.00 9.40E) 07 4.01

Table 3

Errors in the divergence of H, r �H
Mesh Pk Locally divergence-free Pk

jj � jj�;h error Order jj � jj�;h error Order

P 1

20� 20 8.92E) 00 7.65E) 00

40� 40 4.76E) 00 0.91 4.04E) 00 0.92

80� 80 2.42E) 00 0.98 2.07E) 00 0.96

160� 160 1.28E) 00 0.92 1.10E) 00 0.91

320� 320 6.85E) 01 0.90 5.86E) 01 0.91

P 2

10� 10 4.78E) 00 2.20E) 00

20� 20 1.55E) 00 1.63 6.50E) 01 1.76

40� 40 4.12E) 01 1.91 1.65E) 01 1.97

80� 80 1.08E) 01 1.94 4.14E) 02 2.00

160� 160 2.86E) 02 1.91 1.03E) 02 2.00

P 3

10� 10 8.88E) 01 3.57E) 01

20� 20 1.38E) 01 2.69 4.56E) 02 2.97

40� 40 1.81E) 02 2.93 5.30E) 03 3.10

80� 80 2.38E) 03 2.93 6.40E) 04 3.05

160� 160 3.25E) 04 2.87 7.92E) 05 3.01
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It turns out that the projection is a very good ‘‘post-processor’’, see Table 4, in the sense that it

improves the numerical solution in two ways: it eliminates the divergence error in the numerical solution,

which is expected as the projection is designed for this purpose, and it reduces the L2 and L1 errors for



Table 4

L2 and L1 errors in H

Mesh Locally divergence-free Projection onto augmented space

L2 error Order L1 error Order L2 error Order L1 error Order

P 1

10� 10 2.28E) 01 5.20E) 01 2.26E) 01 5.02E) 01

20� 20 7.41E) 02 1.62 1.81E) 01 1.52 7.32E) 02 1.62 1.69E) 01 1.57

40� 40 1.63E) 02 2.19 4.48E) 02 2.01 1.59E) 02 2.20 3.96E) 02 2.09

80� 80 3.46E) 03 2.23 1.07E) 02 2.07 3.34E) 03 2.25 8.13E) 03 2.28

160� 160 8.12E) 04 2.09 2.70E) 03 1.98 7.77E) 04 2.11 1.93E) 03 2.08

P 2

10� 10 3.87E) 02 9.32E) 02 3.83E) 02 9.17E) 02

20� 20 3.18E) 03 3.61 1.90E) 02 2.29 2.94E) 03 3.70 9.39E) 03 3.29

40� 40 2.47E) 04 3.69 2.94E) 03 2.69 1.82E) 04 4.01 1.11E) 03 3.08

80� 80 2.69E) 05 3.20 3.75E) 04 2.97 1.65E) 05 3.46 1.34E) 04 3.04

160� 160 3.27E) 06 3.04 4.66E) 05 3.01 1.90E) 06 3.12 1.73E) 05 2.96

P 3

10� 10 4.03E) 03 3.08E) 02 4.01E) 03 1.86E) 02

20� 20 1.40E) 04 4.85 2.99E) 03 3.37 1.31E) 04 4.94 1.40E) 03 3.73

40� 40 8.43E) 06 4.05 2.17E) 04 3.78 8.08E) 06 4.02 1.02E) 04 3.78

80� 80 5.29E) 07 4.00 1.51E) 05 3.84 5.14E) 07 3.97 6.79E) 06 3.91

160� 160 3.31E) 08 4.00 9.40E) 07 4.01 3.23E) 08 3.99 4.28E) 07 3.99
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the numerical solution, which is not necessarily expected. Indeed, since we are projecting into a subspace,

a degradation of the quality of the approximation can be expected. However, the fact that this projection

eliminates the error in the divergence and simultaneously reduces the L2 and L1 errors indicates that the

original numerical solution by the RKDG method with locally divergence-free polynomials is already

highly accurate both in the usual L2 and L1 errors and in the divergence error. The projection cannot

render the solution more accurate if the information is not already there hidden in the numerical

solution.

3.3. Comparison of locally and globally divergence-free RKDG methods

In this section, we compare the results obtained from three RKDG methods, namely, the one using the

locally divergence-free polynomial bases, the one using the locally divergence-free polynomial bases with a

projection into the globally divergence-free space at the end of the computations, and the one using the

globally divergence-free polynomial bases.

The last method is implemented by starting from a globally divergence-free numerical initial condition,

advancing in an inner stage of the Runge–Kutta method by the DG procedure, then projecting back to the
globally divergence-free space. This is clearly equivalent to working on the RKDG method using the

globally divergence-free piecewise polynomial space, which is in HðdivÞ. Note that to carry out the pro-

jection into the globally divergence-free space, we must numerically solve a large sparse linear system. For

this reason, this method is computationally quite costly. We do not advocate it as a practical numerical

method; we include it here mainly for the purpose of comparison.

Again we use the case of the smooth solution on non-uniform meshes. The trial space in the RKDG is

now taken as Wk
h in order to be able to implement the global projection at every Runge–Kutta inner stage.

From Tables 5 and 6, we can see that if we use the projection at the end of the RKDG, then both the L2

and L1 errors of H are reduced from the one before the projection. This is consistent with what we have



Table 5

L2-errors in H (‘‘LDF+No Pro, LDF+Final Pro, GDF’’ stand for: RKDG using locally divergence-free polynomial bases, using

locally divergence-free polynomial bases with projection at the end, and using globally divergence-free polynomial bases)

Mesh LDF+No Pro LDF+Final Pro GDF

L2 error Order L2 error Order L2 error Order

P 1

10� 10 2.33E) 01 2.32E) 01 2.29E) 01

20� 20 7.21E) 02 1.69 7.19E) 02 1.69 7.03E) 02 1.70

40� 40 1.52E) 02 2.24 1.52E) 02 2.25 1.51E) 02 2.22

80� 80 3.27E) 03 2.22 3.25E) 03 2.22 3.25E) 03 2.21

160� 160 7.74E) 04 2.08 7.69E) 04 2.08 7.68E) 04 2.08

P 2

10� 10 3.35E) 02 3.32E) 02 3.94E) 02

20� 20 2.77E) 03 3.60 2.54E) 03 3.71 2.19E) 03 4.17

40� 40 2.28E) 04 3.61 1.69E) 04 3.91 1.46E) 04 3.91

80� 80 2.54E) 05 3.17 1.62E) 05 3.38 1.55E) 05 3.23

P 3

10� 10 3.94E) 03 3.78E) 03 5.35E) 03

20� 20 1.68E) 04 4.55 1.32E) 04 4.84 1.23E) 04 5.45

40� 40 1.05E) 05 4.00 8.18E) 06 4.01 7.89E) 06 3.96

80� 80 6.62E) 07 3.99 5.16E) 07 3.99 5.11E) 07 3.95

Table 6

L1-errors in H

Mesh LDF+No Pro LDF+Final Pro GDF

L1 error Order L1 error Order L1 error Order

P 1

10� 10 4.97E) 01 4.88E) 01 4.79E) 01

20� 20 1.66E) 01 1.58 1.59E) 01 1.62 1.57E) 01 1.61

40� 40 4.02E) 02 2.05 3.68E) 02 2.11 3.66E) 02 2.10

80� 80 8.57E) 03 2.23 7.76E) 03 2.25 7.76E) 03 2.24

160� 160 2.12E) 03 2.02 1.91E) 03 2.02 1.91E) 03 2.02

P 2

10� 10 8.49E) 02 7.96E) 02 9.75E) 02

20� 20 1.41E) 02 2.59 8.73E) 03 3.19 9.32E) 03 3.39

40� 40 2.14E) 03 2.72 1.04E) 03 3.07 1.01E) 03 3.20

80� 80 2.69E) 04 2.99 1.28E) 04 3.02 1.33E) 04 2.93

P 3

10� 10 3.01E) 02 1.90E) 02 2.28E) 02

20� 20 2.92E) 03 3.36 1.44E) 03 3.73 1.27E) 03 4.17

40� 40 2.08E) 04 3.81 1.02E) 04 3.82 9.45E) 05 3.75

80� 80 1.39E) 05 3.90 6.67E) 06 3.93 6.59E) 06 3.84
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observed in the previous subsection, in fact the only difference here is that the trial space for the RKDG is

slightly larger. If we compare the results using the projection at the end of computation and results using

the globally divergence-free polynomial space (remember both of them give globally divergence-free



Table 7

L2 and L1 errors in Ez

Mesh LDF+No Pro/Final Pro GDF

L2error Order L1 error Order L2error Order L1 error Order

P 1

10� 10 2.41E) 01 5.17E) 01 2.38E) 01 5.08E) 01

20� 20 7.31E) 02 1.72 1.76E) 01 1.55 7.16E) 02 1.73 1.74E) 01 1.54

40� 40 1.55E) 02 2.24 4.18E) 02 2.08 1.54E) 02 2.22 4.17E) 02 2.06

80� 80 3.32E) 03 2.22 9.72E) 03 2.11 3.32E) 03 2.21 9.69E) 03 2.11

160� 160 7.84E) 04 2.08 2.72E) 03 1.84 7.83E) 04 2.08 2.72E) 03 1.83

P 2

10� 10 3.27E) 02 8.01E) 02 3.97E) 02 9.92E) 02

20� 20 2.57E) 03 3.67 1.13E) 02 2.83 2.28E) 03 4.12 1.25E) 02 2.99

40� 40 1.83E) 04 3.81 1.72E) 03 2.72 1.68E) 04 3.76 1.89E) 03 2.72

80� 80 1.88E) 05 3.28 2.15E) 04 3.00 1.89E) 05 3.15 2.46E) 04 2.95

P 3

10� 10 3.53E) 03 1.90E) 02 5.44E) 03 2.60E) 02

20� 20 9.19E) 05 5.27 1.76E) 03 3.43 1.39E) 04 5.29 2.06E) 03 3.66

40� 40 5.12E) 06 4.17 1.24E) 04 3.82 1.00E) 05 3.79 1.66E) 04 3.63

80� 80 3.18E) 07 4.01 8.78E) 06 3.82 6.89E) 07 3.85 1.18E) 05 3.81

Table 8

L2 and L1 errors in H with LDF+No Pro

Mesh Before post-processing After post-processing

L2 error Order L1 error Order L2 error Order L1 error Order

P 1

10� 10 2.03E) 01 4.71E) 01 2.02E) 01 4.41E) 01

20� 20 5.74E) 02 1.82 1.49E) 01 1.66 5.69E) 02 1.83 1.31E) 01 1.75

40� 40 9.83E) 03 2.55 3.01E) 02 2.30 9.55E) 03 2.58 2.38E) 02 2.45

80� 80 1.43E) 03 2.79 5.13E) 03 2.55 1.28E) 03 2.90 3.30E) 03 2.85

160� 160 2.28E) 04 2.64 9.09E) 04 2.50 1.62E) 04 2.98 4.20E) 04 2.97

P 2

10� 10 3.01E) 02 7.32E) 02 3.06E) 02 6.89E) 02

20� 20 2.31E) 03 3.71 1.28E) 02 2.52 1.84E) 03 4.06 4.73E) 03 3.86

40� 40 1.99E) 04 3.53 1.77E) 03 2.85 6.70E) 05 4.78 1.80E) 04 4.71

80� 80 2.38E) 05 3.07 2.25E) 04 2.97 2.17E) 06 4.95 5.89E) 06 4.94

160� 160 2.96E) 06 3.00 2.82E) 05 3.00 6.85E) 08 4.99 1.86E) 07 4.98

P 3

10� 10 3.96E) 03 2.42E) 02 5.93E) 03 1.36E) 02

20� 20 1.79E) 04 4.47 2.43E) 03 3.32 6.05E) 05 6.62 1.64E) 04 6.37

40� 40 1.12E) 05 4.00 1.60E) 04 3.92 3.75E) 07 7.33 1.05E) 06 7.29

80� 80 7.01E) 07 3.99 9.95E) 06 4.01 3.02E) 09 6.96 7.68E) 09 7.10

160� 160 4.38E) 08 4.00 6.21E) 07 4.00 5.05E) 11 5.90 1.12E) 10 6.10
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solution H), they have the same order of accuracy in L2 and L1, and the latter one, which is much more

computationally expensive, does not give much better results than the former one, especially for the

component Ez (see Table 7).



Table 9

L2 and L1 errors in H with LDF+Final Pro

Mesh Before post-processing After post-processing

L2 error Order L1 error Order L2 error Order L1 error Order

P 1

10� 10 2.03E) 01 4.62E) 01 2.02E) 01 4.41E) 01

20� 20 5.73E) 02 1.82 1.42E) 01 1.70 5.69E) 02 1.83 1.31E) 01 1.75

40� 40 9.77E) 03 2.55 2.75E) 02 2.37 9.55E) 03 2.58 2.38E) 02 2.45

80� 80 1.39E) 03 2.81 4.37E) 03 2.65 1.28E) 03 2.90 3.30E) 03 2.85

160� 160 2.12E) 04 2.71 6.99E) 04 2.64 1.62E) 04 2.98 4.20E) 04 2.97

P 2

10� 10 2.96E) 02 6.89E) 02 3.07E) 02 6.92E) 02

20� 20 1.99E) 03 3.89 7.21E) 03 3.25 1.84E) 03 4.06 4.74E) 03 3.87

40� 40 1.18E) 04 4.07 7.78E) 04 3.21 6.70E) 05 4.78 1.81E) 04 4.71

80� 80 1.20E) 05 3.30 9.22E) 05 3.08 2.17E) 06 4.95 5.89E) 06 4.94

160� 160 1.46E) 06 3.04 1.14E) 05 3.02 6.85E) 08 4.98 1.86E) 07 4.98

P 3

10� 10 3.73E) 03 1.66E) 02 5.94E) 03 1.37E) 02

20� 20 1.34E) 04 4.80 1.16E) 03 3.84 6.05E) 05 6.62 1.65E) 04 6.38

40� 40 8.28E) 06 4.01 7.28E) 05 3.99 3.73E) 07 7.34 1.05E) 06 7.29

80� 80 5.23E) 07 3.99 4.60E) 06 3.99 2.65E) 09 7.13 7.47E) 09 7.14

160� 160 3.28E) 08 4.00 2.89E) 07 3.99 3.05E) 11 6.44 1.01E) 10 6.21

Table 10

L2 and L1 errors in H with GDF

Mesh Before post-processing After post-processing

L2 error Order L1 error Order L2 error Order L1 error Order

P 1

10� 10 1.94E) 01 4.46E) 01 1.94E) 01 4.23E) 01

20� 20 5.48E) 02 1.82 1.37E) 01 1.70 5.45E) 02 1.83 1.25E) 01 1.75

40� 40 9.58E) 03 2.52 2.70E) 02 2.34 9.36E) 03 2.54 2.33E) 02 2.43

80� 80 1.38E) 03 2.79 4.35E) 03 2.64 1.27E) 03 2.88 3.28E) 03 2.83

160� 160 2.12E) 04 2.70 6.99E) 04 2.64 1.62E) 04 2.97 4.20E) 04 2.97

P 2

10� 10 3.74E) 02 8.80E) 02 3.79E) 02 7.88E) 02

20� 20 1.76E) 03 4.41 6.61E) 03 3.73 1.60E) 03 4.57 4.12E) 03 4.26

40� 40 1.03E) 04 4.09 7.37E) 04 3.16 4.03E) 05 5.31 1.11E) 04 5.22

80� 80 1.18E) 05 3.13 9.12E) 05 3.01 1.18E) 06 5.10 3.21E) 06 5.11

P 3

10� 10 5.25E) 03 1.81E) 02 7.20E) 03 1.62E) 02

20� 20 1.23E) 04 5.42 1.01E) 03 4.17 6.21E) 05 6.86 1.72E) 04 6.55

40� 40 7.96E) 06 3.95 6.99E) 05 3.85 4.82E) 07 7.01 1.34E) 06 7.01

80� 80 5.17E) 07 3.94 4.54E) 06 3.94 4.60E) 09 6.71 1.42E) 08 6.56
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3.4. Post-processing to enhance accuracy

In this section, we would like to see the accuracy of the three RKDG methods: using the locally di-

vergence-free polynomial bases, using the locally divergence-free polynomial bases with a projection to the



Table 11

L2 and L1 errors in Ez with LDF+No Pro/+Final Pro

Mesh Before post-processing After post-processing

L2 error Order L1 error Order L2 error Order L1 error Order

P 1

10� 10 2.06E) 01 4.82E) 01 2.05E) 01 4.45E) 01

20� 20 5.77E) 02 1.84 1.47E) 01 1.71 5.68E) 02 1.85 1.31E) 01 1.77

40� 40 9.99E) 03 2.53 3.01E) 02 2.29 9.54E) 03 2.57 2.39E) 02 2.45

80� 80 1.49E) 03 2.74 5.02E) 03 2.58 1.28E) 03 2.90 3.30E) 03 2.85

160� 160 2.52E) 04 2.57 1.50E) 03 1.74 1.62E) 04 2.98 4.20E) 04 2.97

P 2

10� 10 2.93E) 02 7.00E) 02 3.04E) 02 6.87E) 02

20� 20 2.04E) 03 3.84 9.57E) 03 2.87 1.84E) 03 4.05 4.73E) 03 3.86

40� 40 1.40E) 04 3.87 1.29E) 03 2.89 6.71E) 05 4.78 1.80E) 04 4.71

80� 80 1.55E) 05 3.17 1.63E) 04 2.98 2.18E) 06 4.95 5.89E) 06 4.94

160� 160 1.92E) 06 3.01 2.03E) 05 3.00 6.86E) 08 4.99 1.86E) 07 4.98

P 3

10� 10 3.49E) 03 1.62E) 02 5.93E) 03 1.36E) 02

20� 20 9.14E) 05 5.25 1.22E) 03 3.73 6.03E) 05 6.62 1.64E) 04 6.38

40� 40 4.99E) 06 4.20 7.03E) 05 4.11 3.71E) 07 7.34 1.05E) 06 7.29

80� 80 3.08E) 07 4.02 4.31E) 06 4.03 2.65E) 09 7.13 7.45E) 09 7.14

160� 160 1.92E) 08 4.00 2.69E) 07 4.00 2.03E) 11 7.03 5.53E) 11 7.07

Table 12

L2 and L1 errors in Ez with GDF

Mesh Before post-processing After post-processing

L2 error Order L1 error Order L2 error Order L1 error Order

P 1

10� 10 1.98E) 01 4.67E) 01 1.96E) 01 4.27E) 01

20� 20 5.53E) 02 1.84 1.43E) 01 1.71 5.44E) 02 1.85 1.26E) 01 1.76

40� 40 9.82E) 03 2.49 2.96E) 02 2.27 9.35E) 03 2.54 2.34E) 02 2.43

80� 80 1.49E) 03 2.72 5.00E) 03 2.57 1.27E) 03 2.88 3.28E) 03 2.83

160� 160 2.52E) 04 2.56 1.51E) 03 1.72 1.62E) 04 2.97 4.20E) 04 2.97

P 2

10� 10 3.78E) 02 9.00E) 02 3.79E) 02 7.90E) 02

20� 20 1.87E) 03 4.34 9.09E) 03 3.31 1.60E) 03 4.57 4.12E) 03 4.26

40� 40 1.30E) 04 3.84 1.29E) 03 2.82 4.03E) 05 5.31 1.10E) 04 5.22

80� 80 1.54E) 05 3.08 1.63E) 04 2.99 1.18E) 06 5.10 3.21E) 06 5.11

P 3

10� 10 5.35E) 03 2.31E) 02 7.20E) 03 1.62E) 02

20� 20 1.38E) 04 5.28 1.64E) 03 3.81 6.21E) 05 6.86 1.72E) 04 6.55

40� 40 9.84E) 06 3.81 1.24E) 04 3.72 4.82E) 07 7.01 1.34E) 06 7.01

80� 80 6.79E) 07 3.86 8.67E) 06 3.84 4.46E) 09 6.76 1.37E) 08 6.61
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globally divergence-free space at the end, and using the globally divergence-free polynomial bases, on the

known higher-order convergence rates in negative-order norms. We use uniform meshes in this section for

the smooth solution and perform a local post-processing technique [10,21] to the numerical solutions of the

three RKDG methods mentioned above, to see if the accuracy can be enhanced from (k+1)th order to



Table 13

L2 and L1 errors in H with LDF+No Pro

Mesh Before post-processing After post-processing

L2 error Order L1 error Order L2 error Order L1 error Order

P 1

10� 10 3.64E) 02 1.46E) 01 3.43E) 02 5.97E) 02

20� 20 6.64E) 03 2.46 2.08E) 02 2.81 7.64E) 04 5.49 4.37E) 03 3.77

40� 40 1.69E) 03 1.97 4.55E) 03 2.19 2.96E) 04 1.37 7.92E) 04 2.46

80� 80 4.34E) 04 1.96 1.19E) 03 1.93 9.69E) 06 4.93 1.04E) 04 2.93

160� 160 1.08E) 04 2.01 3.03E) 04 1.98 1.58E) 06 2.62 8.56E) 06 3.60

P 2

10� 10 1.38E) 02 7.18E) 02 2.24E) 02 4.76E) 02

20� 20 1.54E) 03 3.16 6.71E) 03 3.42 1.11E) 03 4.34 4.67E) 03 3.35

40� 40 1.85E) 04 3.06 1.53E) 03 2.13 1.03E) 04 3.43 4.27E) 04 3.45

80� 80 1.32E) 05 3.80 8.67E) 05 4.15 3.74E) 06 4.78 1.89E) 05 4.50

160� 160 1.65E) 06 3.06 1.20E) 05 2.85 3.40E) 08 6.78 4.87E) 07 5.28

P 3

10� 10 8.05E) 03 5.71E) 02 2.60E) 02 4.86E) 02

20� 20 3.61E) 04 4.48 2.17E) 03 4.72 1.13E) 03 4.52 6.13E) 03 2.99

40� 40 2.83E) 05 3.68 2.49E) 04 3.13 2.38E) 05 5.57 9.20E) 05 6.06

80� 80 1.15E) 06 4.62 5.57E) 06 5.48 9.46E) 07 4.65 5.19E) 06 4.15

160� 160 4.50E) 08 4.68 3.31E) 07 4.07 8.59E) 09 6.78 1.21E) 07 5.42

Table 14

L2 and L1 errors in H with LDF+Final Pro

Mesh Before post-processing After post-processing

L2 error Order L1 error Order L2 error Order L1 error Order

P 1

10� 10 2.78E) 02 1.00E) 01 3.41E) 02 5.67E) 02

20� 20 5.36E) 03 2.37 1.33E) 02 2.91 9.01E) 04 5.24 4.82E) 03 3.56

40� 40 1.55E) 03 1.79 4.10E) 03 1.70 2.99E) 04 1.59 8.05E) 04 2.58

80� 80 4.16E) 04 1.90 1.07E) 03 1.94 9.62E) 06 4.96 1.02E) 04 2.98

160� 160 1.04E) 04 2.00 2.70E) 04 1.98 1.57E) 06 2.61 8.61E) 06 3.57

P 2

10� 10 2.34E) 02 9.19E) 02 2.46E) 02 4.97E) 02

20� 20 1.40E) 03 4.06 4.17E) 03 4.46 1.17E) 03 4.40 4.91E) 03 3.34

40� 40 1.45E) 04 3.27 1.05E) 03 1.99 1.06E) 04 3.46 4.34E) 04 3.50

80� 80 6.98E) 06 4.38 3.79E) 05 4.79 4.09E) 06 4.70 2.36E) 05 4.20

160� 160 7.89E) 07 3.14 5.02E) 06 2.91 3.75E) 08 6.77 5.45E) 07 5.44

P 3

10� 10 6.23E) 03 2.68E) 02 2.61E) 02 4.84E) 02

20� 20 3.67E) 04 4.08 1.64E) 03 4.03 1.18E) 03 4.47 6.27E) 03 2.95

40� 40 2.58E) 05 3.83 1.22E) 04 3.74 2.32E) 05 5.67 8.72E) 05 6.17

80� 80 1.05E) 06 4.62 5.35E) 06 4.52 9.36E) 07 4.63 5.09E) 06 4.10

160� 160 3.37E) 08 4.96 1.71E) 07 4.96 9.60E) 09 6.61 1.27E) 07 5.33
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(2k+1)th order when Pk elements are used. We clearly see from Tables 8–12 that (2k+1)th order accuracy is

achieved after the post-processing for all three cases. A careful inspection of Tables 8 and 9 reveals that

RKDG using locally divergence-free polynomial space, with or without projection at the end, gives almost



Table 15

L2 and L1 errors in H with GDF

Mesh Before post-processing After post-processing

L2 error Order L1 error Order L2 error Order L1 error Order

P 1

10� 10 2.63E) 02 8.31E) 02 3.36E) 02 5.44E) 02

20� 20 5.59E) 03 2.23 1.34E) 02 2.63 1.79E) 03 4.23 4.21E) 03 3.69

40� 40 1.56E) 03 1.84 4.12E) 03 1.70 2.23E) 04 3.00 4.97E) 04 3.08

80� 80 4.16E) 04 1.91 1.07E) 03 1.94 1.31E) 05 4.09 1.37E) 04 1.86

160� 160 1.04E) 04 2.00 2.70E) 04 1.99 1.51E) 06 3.12 8.36E) 06 4.03

P 2

10� 10 2.47E) 02 8.97E) 02 2.37E) 02 4.88E) 02

20� 20 3.13E) 03 2.98 1.66E) 02 2.43 1.63E) 03 3.86 5.18E) 03 3.24

40� 40 3.09E) 04 3.34 2.22E) 03 2.91 1.64E) 04 3.32 7.45E) 04 2.80

80� 80 7.46E) 06 5.37 5.14E) 05 5.43 1.86E) 06 6.46 5.97E) 06 6.96

160� 160 7.84E) 07 3.25 5.11E) 06 3.33 6.08E) 09 8.26 3.41E) 08 7.45

P 3

10� 10 1.48E) 02 5.15E) 02 2.59E) 02 4.86E) 02

20� 20 3.22E) 03 2.20 9.21E) 03 2.48 1.52E) 03 4.09 6.61E) 03 2.88

40� 40 3.41E) 04 3.24 1.40E) 03 2.72 9.23E) 05 4.04 3.05E) 04 4.44

80� 80 3.10E) 05 3.46 2.12E) 04 2.72 1.04E) 05 3.15 5.52E) 05 2.47

160� 160 2.01E) 06 3.95 1.626E) 05 3.71 6.10E) 07 4.10 4.92E) 06 3.49
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the same L2 and L1 error for H after post-processing, which in some cases, is smaller than the one from the

RKDG using globally divergence-free polynomial bases after post-processing. This seems also to be the

case for Ez.

Since this post-processing technique is based on the assumption of a (2k þ 1)th order convergence rate in

the negative-order k norm of the numerical solution, a successful enhancement after the post-processing to

(2k þ 1)th order accuracy is an indication that the global projection to the divergence-free subspace applied
Time

||D
iv

H
||

0 25 50 75 100

10-1

100

P1: 120*120

P1: 80*80

P2: 40*40

P2: 80*80

P3: 40*40

P3: 80*80

Fig. 1. The divergence of H against time t for the singular solution.
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at the end of computation does not affect the high-order convergence rate in the negative-order norm. This

is not surprising since the projection involved is an L2-projection, which should not affect negative-order

norms.
The computational results for the smooth solution (3.1) and (3.2) can be summarized as follows:

1. The RKDG methods using the regular piecewise polynomial bases and the locally divergence-free piece-

wise polynomial bases give comparable L2 and L1 errors, although the latter uses much fewer degrees of

freedom and gives smaller global divergence errors.

2. With the RKDG method using the locally divergence-free polynomial bases and the projection into the

globally divergence-free subspace at the end, we obtain smaller L2 and L1 errors than before this projec-

tion. These errors are no worse than those obtained with the RKDG method using the globally diver-

gence-free polynomial space, which is much more computational expensive.
3. A post-processing of [10,21] after the global projection still recovers (2k þ 1)th order accuracy, indicating

that the removal of the error in the divergence from the final numerical solution, neither increases (it

even decreases) the L2 and L1 errors, nor affects the faster convergence in the negative-order k norm.
Time
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iv

H
||
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0.9

1

P2: 80*80 with Lax-Friedrichs flux (2.7)

P2: 80*80 with upwinding flux (2.6)

P3: 80*80 with upwinding flux (2.6)

P3: 80*80 with Lax-Friedrichs flux (2.7)

Fig. 2. Comparison of the time evolution of divergence using the upwinding flux (2.6) and using the Lax–Friedrichs flux (2.7).
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Fig. 3. The edgewise divergence at t ¼ 100 with V2
h on a 80 � 80 mesh. Twenty contours from 0 to 0.00014. Left: using the upwinding

flux (2.6); right: using the Lax–Friedrichs flux (2.7).
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3.5. The example with the singular solution

The singularity at t ¼ 0 propagates along two characteristics. We will look at the errors in the smooth
region not polluted by the crossing of characteristics from the singularity. The data here are computed at

t ¼ 0:4, in the unpolluted area fðx; yÞ : j cosðxðaxþ by þ tÞÞj > 0:9g. See Tables 13–15. We use uniform

meshes here and look at the errors both before and after the post-processing. The results are very similar to

those obtained before for globally smooth solutions, when the global projection is not used or when it is

used only once at the end, indicating that the global projection to the divergence-free subspace, when used

at the end, has not polluted the errors globally. However, when the globally divergence-free polynomial

space is used for RKDG, we do observe some pollution, especially in the higher-order P 3 case. This in-

dicates that it might not be a good idea to work in the globally divergence-free space for problem with
singular solutions, as functions in it are too global.

It is of particular interest to monitor the size of global divergence of the RKDG solution using the

locally divergence-free bases, before the projection is performed. If this error is under control, then the

projection has a chance of removing it without affecting accuracy otherwise. In Fig. 1, we plot the global

divergence error jjr �Hjj�;h against time t when Vh is the solution space. We can see there is a decay trend of

the magnitude of the divergence, which is very nice for such singular solutions. We note that the Lax–

Friedrichs flux (2.7) has a better control on the jumps of the normal velocity across element interfaces,

which are the only source of numerical divergence error in our method. Thus, we compare in Fig. 2 the
global divergence error jjr �Hjj�;h against time t when the upwinding flux (2.6) and the Lax–Friedrichs flux

(2.7) are used, respectively. We can see that the method with the Lax–Friedrichs flux has smaller numerical

divergence errors for the same mesh, but both methods have a decaying numerical divergence. Finally, we

plot in Fig. 3 the ‘‘edgewise’’ divergence
R
e j½H � n�jds at t ¼ 100 for the methods with the upwinding flux

(2.6) (left) and with the Lax–Friedrichs flux (2.7) (right). We can see that the numerical divergence are

concentrated along the region where the solution is singular, and the results with the Lax–Friedrichs flux

have smaller numerical divergence and narrower numerical divergence regions.
4. Concluding remarks

Discontinuous Galerkin methods using a locally divergence-free polynomial bases seems to be very

effective for solving the Maxwell equations. After a final projection into a globally divergence-free subspace,

the numerical solution maintains (k þ 1)th order accuracy in the L2- and L1-norms and (2k þ 1)th order

accuracy after post-processing, and it is no worse than using the globally divergence-free polynomial bases.

This implies that the original solution without the final projection is already very accurate both in the L2-
and L1-norms and in divergence error, for the removal of the latter does not increase the former.
Appendix A

In this section we describe a few key details related to the implementation of the L2-projection into the

globally divergence-free piecewise polynomial spaces introduced in Section 2. The basic idea is to choose

the normal components along the edges as degrees of freedom to make it easy to guarantee its continuity.

A.1. The P 1 case

We first look at one rectangular element K with center ðxi; yjÞ, edge lengths Dxi;Dyj, and edges e1; e2; e3; e4
starting from the bottom and counting counter-clockwisely.
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A function u 2 fW1
h restricted on this element K can be written as

u ¼
X7
k¼1

ukHk ¼ u1
1

0

� �
þ u2

Dxi �X
�Dyj �Y

� �
þ u3

�Y
0

� �
þ u4

0

1

� �
þ u5

0
�X

� �

þ u6
Dxið12 �X 2 � 1Þ
�24Dyj �X �Y

 !
þ u7

�24Dxi �X �Y
Dyjð12�Y 2 � 1Þ

 !
;

and the normal components along ek; k ¼ 1; . . . ; 4 are a1 þ b1 �X , a2 þ b2 �Y , a3 þ b3 �X , and a4 þ b4 �Y . Then,
the following relations:

u1 ¼
a2 þ a4

2
� 2u6Dxi; u2 ¼

a2 � a4
Dxi

; u4 ¼
a3 þ a1

2
� 2u7Dyj;

u3 ¼
b2 þ b4

2
; u7 ¼

b4 � b2
24Dxi

; u5 ¼
b1 þ b3

2
; u6 ¼

b1 � b3
24Dyj

as well as the constraint

ða2 � a4ÞDyj þ ða3 � a1ÞDxi ¼ 0;

which comes from the fact that u is divergence-free in this cell, need to be satisfied. Thus, in this particular

cell, we can choose ak; bl, k; l ¼ 1; . . . ; 4 as the degrees of freedom but with one constraint on ak.
We now consider the whole domain X and assume periodic boundary conditions for simplicity (this

assumption is not essential). For each edge e 2 E, we have one independent degree of freedom for �b�, called
be, so in total there are 2� m� n (assuming there are m� n rectangular elements) degrees of freedom

corresponding to �b�.
As for �a�, the situation is a little bit more complicated. For each e 2 E, first an ae can be assigned.

However, in each element, there is one constraint for the four aes related to this cell, so it finally ends up

that there are m� nþ 1 degrees of freedom for �a� for partition Th (notice it seems there should be

2� m� n� m� n degrees of freedom, yet notice there are actually only m� n� 1 independent constraints

since the function is divergence-free in each cell). In principle, we can arbitrarily pick up a way to determine

on which m� nþ 1 edges there are degrees of freedom for �a�.
Once the degrees of freedom are chosen, we can define the bases for fW1

h simply by letting each degree

of freedom as 1 and the rest as 0. Notice a basis function related to each be just has a support of two-

elements, yet the one related to �a� is quite global; this reflects the global nature of the divergence-free
condition.

For those basis functions related to �b�, we can simply store the indices of the two supporting elements.

As for the basis functions related to �a�, since they might have global support, there is a problem on how to

store the information efficiently. We use the sparse matrix storage technique to record the support and the

corresponding coefficient of each basis function. The same technique is also used to store the projection

matrix due to its sparseness and large size. The projection matrix is of course symmetric positive definite,

which enables us to use the preconditioned conjugated gradient (CG) method to carry out the projection.

These techniques are also used for the Pk cases described below with k > 1.

A.2. The P 2 case

The P 2 case has basically the same setting as the P 1 case.
Assuming u 2 fW2

h has the following form on an element K:
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u ¼
X11
k¼1

ukHk ¼ u1
1

0

� �
þ u2

Dxi �X
�Dyj �Y

� �
þ u3

�Y
0

� �
þ u4

0

1

� �
þ u5

0
�X

� �

þ u6
Dxið12 �X 2 � 1Þ
�24Dyj �X �Y

 !
þ u7

�24Dxi �X �Y
Dyjð12�Y 2 � 1Þ

 !
þ u8

12�Y 2 � 1

0

 !
þ u9

0
12 �X 2 � 1

� �

þ u10
Dxið4 �X 3 � �X Þ

�Dyjð12 �X 2 � 1Þ�Y

 !
þ u11

�Dxi �X ð12�Y 2 � 1Þ
Dyjð4�Y 3 � �Y Þ

 !
;

and the normal components along ek; k ¼ 1; . . . ; 4 are a1 þ b1 �X þ c1ð12 �X 2 � 1Þ, a2 þ b2 �Y þ c2ð12�Y 2 � 1Þ,
a3 þ b3 �X þ c3ð12 �X 2 � 1Þ, and a4 þ b4 �Y þ c4ð12�Y 2 � 1Þ, then the following relations need to be satisfied

u1 ¼
a2 þ a4

2
� 2u6Dxi; u2 ¼

a2 � a4
Dxi

; u4 ¼
a3 þ a1

2
� 2u7Dyj

u3 ¼
b2 þ b4

2
; u7 ¼

b4 � b2
24Dxi

; u5 ¼
b1 þ b3

2
; u6 ¼

b1 � b3
24Dyj

u8 ¼
c2 þ c4

2
; u11 ¼

c4 � c2
Dxi

; u9 ¼
c1 þ c3

2
; u10 ¼

c1 � c3
Dyj

as well as the same constraint as in the P 1 case

ða2 � a4ÞDyj þ ða3 � a1ÞDxi ¼ 0:

Thus, we can choose ai; bj; ck, i; j; k ¼ 1; . . . ; 4 as the degrees of freedom but with one constraint on ak.
Now, there are three groups of degrees of freedom, corresponding to �a�, �b�, �c�. The basis functions

related to �a� still represent the global nature of the divergence-free condition and might have very wide

support; those related to �b� and �c� are local, and each of them has a two element support. The dimension offW2
h is 5� m� nþ 1.

Notice that in P 2, the �c� group basis functions have the same pattern of support as the �b� group, so
basically we just need to store the support of the �a� group and that of the �b� group.

A.3. The P 3 case

Assuming u 2 fW3
h has the following form on an element K:

u ¼
X16
k¼1

ukHk ¼ u1
1

0

� �
þ u2

Dxi �X

�Dyj �Y

 !
þ u3

�Y

0

 !
þ u4

0

1

� �
þ u5

0

�X

� �
þ u6

Dxið12 �X 2 � 1Þ
�24Dyj �X �Y

 !

þ u7
�24Dxi �X �Y

Dyjð12�Y 2 � 1Þ

 !
þ u8

12�Y 2 � 1

0

 !
þ u9

0

12 �X 2 � 1

� �
þ u10

Dxið4 �X 3 � �X Þ
�Dyjð12 �X 2 � 1Þ�Y

0@ 1A
þ u11

Dxið12 �X 2 � 1Þ�Y
�Dyj �X ð12�Y 2 � 1Þ

0@ 1Aþ u12
�Dxi �X ð12�Y 2 � 1Þ
Dyjð4�Y 3 � �Y Þ

0@ 1Aþ u13
20�Y 3 � 3�Y

0

 !
þ u14

0

20 �X 3 � 3 �X

� �

þ u15
Dxið80 �X 4 � 24 �X 2 þ 1Þ
�16Dyjð20 �X 3 � 3 �X Þ�Y

0@ 1Aþ u16
�16Dxið20�Y 3 � 3�Y Þ �X
Dyjð80�Y 4 � 24�Y 2 þ 1Þ

0@ 1A;
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and the normal components along ek; k ¼ 1; . . . ; 4 are:

a1 þ b1 �X þ c1ð12 �X 2 � 1Þ þ d1ð20 �X 3 � 3 �X Þ;
a2 þ b2 �Y þ c2ð12�Y 2 � 1Þ þ d2ð20�Y 3 � 3�Y Þ;
a3 þ b3 �X þ c3ð12 �X 2 � 1Þ þ d3ð20 �X 3 � 3 �X Þ;
a4 þ b4 �Y þ c4ð12�Y 2 � 1Þ þ d4ð20�Y 3 � 3�Y Þ;

we then have the following relations:

u1 ¼
a2 þ a4

2
� 2u6Dxi; u2 ¼

a2 � a4
Dxi

; u4 ¼
a3 þ a1

2
� 2u7Dyj;

u3 ¼
b2 þ b4

2
� 2Dxiu11; u7 ¼

b4 � b2
24Dxi

; u5 ¼
b1 þ b3

2
þ 2Dyju11; u6 ¼

b1 � b3
24Dyj

;

u8 ¼
c2 þ c4

2
; u12 ¼

c4 � c2
Dxi

; u9 ¼
c1 þ c3

2
; u10 ¼

c1 � c3
Dyj

;

u13 ¼
d2 þ d4

2
; u16 ¼

d4 � d2
16Dxi

; u14 ¼
d1 þ d3

2
; u15 ¼

d1 � d3
16Dyj

;

and also the same constraint as in the P 1 case

ða2 � a4ÞDyj þ ða3 � a1ÞDxi ¼ 0:

It seems that we can now define four groups of basis functions related to �a�, �b�, �c� and �d �, just like in the

P 1, P 2 cases. However, if we let all those ai; bj; ck; dl, i; j; k; l ¼ 1; . . . ; 4 be zeros, the following will be left:

u3 ¼ �2Dxiu11; u5 ¼ 2Dyju11:

That is, we miss another �bubble� basis function whose support is just a single element, and this basis

function does not come from the continuity of the normal component of the function u. This basis function

can be written as

�2Dxi
�Y
0

� �
þ 2Dyj

0
�X

� �
þ Dxið12 �X 2 � 1Þ�Y

�Dyj �X ð12�Y 2 � 1Þ

 !
¼ Dxið12 �X 2 � 3Þ�Y

�Dyj �X ð12�Y 2 � 3Þ

 !
:

The rest is the same as in the P 1; P 2 cases. The dimension of fW3
h is 8� m� nþ 1.

As for even larger k in Pk, similar processes can be designed. We would, however, like to remark on two

points: when k is getting larger, the number of bubble basis functions will increase rapidly and functions infWk
h will have much richer local structure within each element. Another thing we need pay attention to,

especially from the computational point of view, is that when k becomes larger, in order to let �a� be the only
group which might have the global support, we need to figure out the right way to define the degrees of

freedom along each edge. In fact, in the rectangular partition, we can simply write the normal component of

a function as
Pk

i¼0 wigi, where fgig
k
i¼0 are the orthogonal bases in one-dimensional Pk. Then, fwigki¼0 are the

right degrees of freedom we are looking for.
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